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Abstract—In this paper, we design and analyze three kinds of
doubly-generalized low-density parity-check (D-GLDPC) codes.
We employ single parity-check (SPC) codes as super variable
nodes (SVNs) and two-dimensional (2-D) single parity-check
product codes (SPC-PCs) as super check nodes (SCNs). Three
kinds of different SPC codes as super variable nodes (SVNs)
are used in the systematic (S) form, the cyclic (C) form and
the anti-systematic (A) form. Because the minimum distance of
SPC codes is 2, they can meet upper bound of D-GLDPC codes.
The performance of the proposed D-GLDPC codes is investigated
over the AWGN channel with the extrinsic information transfer
(EXIT) charts. The SPC codes in different forms have an effect
on stability bound of D-GLDPC codes and also make a difference
in decoding threshold. Simulation results show that D-GLDPC
codes with C-form SPC codes as SVNs have the best stability
bound and the minimum decoding threshold, the second best is
D-GLDPC codes with S-form SPC codes as SVNs, and the worse
one is D-GLDPC codes with A-form SPC codes as SVNs.

I. INTRODUCTION

LDPC codes were first proposed by Gallager in [1] and later
rediscovered by MacKay and Neal [2]. A LDPC code can be
represented as a bipartite graph, also known as Tanner graph.
They are divided into two disjoint set, namely, the variable
nodes (VNs) and the check nodes (CNs). The traditional LDPC
codes can be regarded as SPC codes at the CNs and repetition
codes (RCs) at the VNs. If all VNs have the same degree
distributions and all CNs have the same degree distributions,
the code is called regular LDPC code, otherwise it is called
irregular LDPC code. Irregular LDPC codes were introduced
in [3], and were shown to have better performance than regular
LDPC codes over the binary erasure channel (BEC). They
employ iterative message passing (BP) decoding algorithm. By
replacing SPC codes and repetition codes with generic linear
block codes, D-GLDPC codes are formed [4]. Simultaneously
the VNs become super variable nodes (SVNs), and the CNs
become super check nodes (SCNs). If only the SPC codes
are generalized, while the repetition codes remain unchanged,
then the codes are generalized LDPC (GLDPC) codes [3].

In a D-GLDPC code, the codes used as SVNs and SCNs
are called component codes. i.e., variable component codes
and check component codes. For example, Hamming check
component codes have been proposed in [6]. The analysis of
weight distribution of Bose-Chaudhuri-Hocquenghem (BCH)
check component codes has been introduced in [7]. [8] in-
vestigates irregular VNs and uniform SCNs, where SCNs are
constrained with Hadamard codes. All these constructions are
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based on strengthening the check component codes at the cost
of reducing code rate. In order to analyze D-GLDPC codes,
extrinsic information transfer (EXIT) charts over the AWGN
channel have been used in [9], [10].

SPC codes at SVNs exhibit excellent characteristics. Firstly,
they can make up for the code rate loss of length-n repetition
code. Secondly, their minimum distances are 2, which makes
them to compensate for the area gap between the EXIT curves.
Finally, they are easy to decode. In this paper, we use three
different forms of SPC codes as SVNs and apply EXIT chart
to analyze the stability bound and decoding threshold of D-
GLDPC codes since stability bound is an upper bound on
the iterative decoding threshold [11]. The SPC codes used by
us possess different generator matrices. When the minimum
distance of generator matrices dp;, = 2 [12], SPC codes
contribute to the stability bound. Meanwhile, we make use
of EXIT chart to optimize the degree distributions of our D-
GLDPC codes, and analyze curve matching of three kinds of
SPC codes with various forms.

The rest of the paper is organized as follows. In section II,
we recall the main definitions related to D-GLDPC codes and
introduce SPC codes in different representations. An analysis
of stability bound and EXIT chart are in Section III. Several
examples and results are presented in Section IV and the
conclusions are summarized in Section V.

II. CODE STRUCTURE
A. D-GLDPC Codes

The Tanner graph of D-GLDPC codes can be obtained from
that of LDPC codes with VNs and CNs replaced by SVNs
and SCNs, respectively. Fig. 1 shows the Tanner graph of a
D-GLDPC code with M SCNs and N SVNs. We refer to the
parity-check matrix of the LDPC code as the base matrix. The
size of the base matrix is M x N.

For the j-th SVN (5 = 1,2, ...... , N), the component code is
represented by (ny ;, kv, ), Which means that n, ; coded bits
are formed for every k,, ; information bits. Similarly, for the -
th SCN (1 = 1,2, ...... , M), the component code is denoted by
(nc,i, kc,i). We denote the check component code associated
with the i-th SCN by C;, and the variable component code
associated with the j-th SVN by Vj. Thus the size of parity-
check matrix of C; is given by m.; x ng; (where mg; <
Ne,; — kes» if redundant rows in check equations exist; m.; =
Ne,s — kc,i, otherwise) and the size of generator matrix of Vj is
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given by k,,; X n, ;. The overall code rate of the D-GLDPC
code meets
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The parity-check matrix of a D-GLDPC code can be ob-
tained from its base matrix with row expansion and column
expansion [4].

B. Three kinds of SPC codes at SVNs

Assuming that the type-i SVNs are (n;,n; — 1) SPC codes
in systematic form, its generator matrix is

100 --- 01
010 --- 01

Gg: o 01 .-+ 01 2)
000 --- 11

(ni—1)xn;

For these SVNs, each one has () weight-2 codewords.
There are n; — 1 weight-2 codewords produced by weight-1
information words, and ("i;") weight-2 codewords produced
by weight-2 information words. No other larger than 2 infor-
mation words generate weight-2 codewords. Let Béyu denote
the number of Hamming weight-2 codewords that generalized
by Hamming weight-u for type-¢ SVNs. Thus we can obtain

B}, of SPC codes in systematic form by [12].

ni—l u=1
("5 u=2 )
0 u=3,---,n;—1

-
BQ,u -

Assuming that the type-i SVNs are (n;,n; — 1) SPC codes
in cyclic form, its generator matrix is represented by

110 --- 0O
01 1 0 0
o000 -+ 11 Frig—1. 58
B}, in cyclic form is given by [12]
Biu:ni—u u=1,---,n—1 ®

Let us suppose the SVNs of type-i are (n;,n; — 1) SPC
codes in anti-systematic form. In this case, n; is odd. Since
for even n;, we obtain a weight-1 codewords when encoding
it, this situation is not allowed. The generator matrix of SPC
codes in anti-systematic form is obtained from the generator
matrix in systematic form by adding one bit in first n; — 1
columns. Thus the generator matrix of SPC codes in anti-
systematic form can be written as

0 11 11
1 01 11

Gi‘: 110 -~ 1 1 6)
111 .- 01

(nifl)xni

According to the definition of Bj ,, we derive B3 ,, of SPC
codes in anti-systematic form as follows

| ("y7) u=2
Byy,=q ni—1 u=mn;—2 @)
0 u=3,---,n;—3

III. ASYMPTOTICS
A. Stability Bound

Let us consider a D-GLDPC code with (n;,n; — 1) SPC
codes at SVNs. According to [12], P;(z) is defined as follows

n;—1 i
i 2B’L ”
Pz) = ) —2*a* ®)
u=1 v

For the SPC codes in systematic and cyclic form, P;(z) has
been given in [12], we denote them by P () and P (x), and
rewrite them as follows

2n; — 1 s — D)y — 2
PS(JJ) — (n"- ):E A (’n’z )(n"' )3;2 (9)

i

n; n;
n;—1
&3 2 Z _
W@:Zﬁ%ﬂﬂ (10)
u=1 1

For the SPC codes in anti-systematic form, we use (7) to
substitute B, in (8), then P;*(x) becomes

PA(JJ) _ (nz = 131(1711 = 2) :1;2 + Q(R;Z— 1)

wn,;*Z

an
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Fig. 2. P~!(z) of SPC codes in different forms for a D-GLDPC code

We define P~!(z) as the inverse function of P;(z). If n; =
3, according to (9), (10) and (11), we obtain

2 4
P5(s) = PP (a) = PA(2) = 52° + 52

3 3 (12

So it is equal to P~!(z) in three forms when n; = 3.
For n; > 3, we plot P~!(z) against z in Fig. 2. We denote
systematic form by S, cyclic form by C and anti-systematic
form by A. From Fig. 2, we can see P~!(z) in A form and
P~1(z) = z (P(z) of length-2 repetition code is ) intersects
at z € (0,1), which will be proved in the APPENDIX. Since
the intersection contributes to the stability bound, the decoding
threshold increases substantially comparing to the other two.
We also know that SPC codes in C form has a better potential
comparing to SPC codes in .S form. The SPC codes in C form
provide a lower threshold Ej/Np when 0 < z < 1.

B. EXIT Chart Analysis

The EXIT chart can be used to analyze the convergence be-
havior of decoders [13]. For a D-GLDPC code, the EXIT chart
includes two curves: they correspond to the SVN decoders
and SCN decoders, respectively. Each EXIT curve shows the
relationship between the a priori information and the extrinsic
information of the component decoder by tracking the mutual
information. For a D-GLDPC code, the closed-form EXIT
functions of SVN types and SCN types over the binary erasure
channels (BECs) have been derived in [12].

We assume that both the communication channel and the
extrinsic channel are BECs, and their erasure probabilities are
q and p, respectively. For a general (n,, k,) component code at
SVN, the closed-form EXIT function over the BEC is given by
[12]. If (n;,n; — 1) SPC codes are used as SVNs, by replacing

09+ o
08 o
07F oy

06 -

e,svn

0.5r

0.4

0.3r

o2l —— (9,8) SPC code in S form | |

— — — (9,8) SPC code in C form| |
—»— (9,8) SPC code in A form

0.1

0 0.2 0.4 0.6 0.8 1

I
a,svn

Fig. 3. EXIT curves of (9,8) SPC codes in S form, C form and A form

IBEC

1 —p with I7°50 e, the EXIT function can be rewrite as

nifl nifl

BEC BEC _ 1 BEC  \t
Ie,svn,spc(‘[a,svn,spm q) =1-— E E (1 - Ia,svn,spc)
[

)'ni—t—l . qz(1 _ q)n,-—z—l

* [(n’b - t)énift,nifzfl - (t + 1)éni7t71,nifzfl]

BEC
: (Ia,svn,spc

13)

where € 5, is named as the (g, h)-th split information function
and is defined as the summation of the ranks of all the
possible sub-matrices obtained by choosing g column(s) in the
corresponding (n; — 1) X n; generator matrix and & column(s)
in the corresponding (n; — 1) x (n; — 1) identity matrix. By
transforming ¢ = 1 — J(v8 - R - 105+/No/10) [13], we can
obtain approximate EXIT functions over the AWGN channel,
where R is the code rate of the D-GLDPC code and J(-) is
defined in the appendix of [14]. &; ;, for SPC codes in different
forms are different, so there is a big difference among the
EXIT functions. Fig. 3 shows the EXIT curves at SVNs using
SPC codes in S form, C form and A form, where R = 0.6
and E, /Ny = 1.943 dB.

For a general (n, k) constituent code used as SCN, the

EXIT function is given by [12]. By replacing 1 —p with I, f:fig,
we obtain
ne—1
1 c
IBESUBES) = 1=+ 3 (BESy= (= 1222
e Uagen) =1 = 50 3 U™ (1 = L)
& [(nc = t)éncft = (t + 1)éncft71] (14)

where €, is named as the g-th information function and is
defined as the summation of the ranks of all the possible sub-
matrices obtained by choosing g column(s) in the correspond-
ing k. X m. generator matrix.

IV. EXAMPLES AND RESULTS

We use (n,n—1)? single parity-check product codes (SPC-
PCs) at SCNs. Since the minimum distance of a 2-D SPC-PC
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Fig. 5. EXIT chart of (3,2)2 SPC-PC and (9, 8) SPC code in C form

is dmin = 22 = 4 [15], the SPC-PC can reduce interference of
the codewords. In Fig. 4, Fig. 5 and Fig. 6, we employ (3, 2)?
SPC-PCs as SCNs and (9,8) SPC codes as SVNs, and plot
the EXIT fitting of SPC-PC and SPC code in different forms.
From these figures, we observe that an area gap between two
curves is minimum in Fig. 5. The smaller the area gap is, the
smaller the decoding threshold is. TABLE I lists some results
about code rate and decoding threshold. As seen from TABLE
I, we found that for the same codes, the higher the code rate,
the higher the decoding threshold. For codes in different forms,
when they have same code rate, we found that SPC codes in
C form has the minimum threshold. In order to be compatible
with code rate and the threshold, we should choose good codes
with a higher code rate and a lower threshold in an actual
communication system.

In order to compensate for the area gap, we optimize the
degree distribution of the D-GLDPC codes. Fig. 7, Fig. 8 and

/1

|
asvn escn

Fig. 6. EXIT chart of (3,2)2 SPC-PC and (9, 8) SPC code in A form

TABLE 1
DECODING THRESHOLD FOR DIFFERENT CODE TYPES

Code type Code rate Threshold(dB)
S C A
(3,2)% SPC-PC + (9,8) SPC 0.375 1.114 | 0.727 | 1.726
(3,2)? SPC-PC + (7,6) SPC 0.352 0.924 | 0.611 | 1.655

Fig. 9 are the EXIT charts for our D-GLDPC codes whose
degree distributions are shown in TABLE II. In the three
columns of TABLE II, we label “D-GLDPC S;”, “D-GLDPC
C1” and “D-GLDPC A;” as the optimization of the D-GLDPC
ensembles using the SPC as SVNs in systematic, in cyclic
form and anti-systematic form, respectively. In this case we fix
decoding threshold to 0.141 dB. The area gap of D-GLDPC
codes with anti-systematic form SPC code is the largest and
the area gap of D-GLDPC codes with cyclic form SPC code
is the smallest, which illustrates the decoding threshold of D-
GLDPC codes with SPC codes in cyclic form is the best and
the decoding threshold of D-GLDPC codes with SPC codes
in anti-systematic form is the worst.

V. CONCLUSIONS

In this paper, we employed three kinds of different SPC
codes as SVNs in D-GLDPC codes. We discussed the stability
bound of these D-GLDPC codes, and used EXIT chart to

TABLE II
OPTIMUM DEGREE DISTRIBUTIONS OF OUR D-GLDPC CODES

[ D-GLDPC S; | D-GLDPC C; | D-GLDPC A;
SVNs
2,) RC 03 0.28 0.6
(3,1) RC 0.12 0.05
(4,1) RC 0.2 0.05 0.05
(9,8) SPC 0.5 0.55 0.3
SCNs
(6,5) SPC 0.09 0.1 0.13
(3,2)2SPC-PC 0.91 0.9 0.87
Threshold (dB) 0.141 0.141 0.141
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analyze the convergence behavior of decoders. Simulation
results concluded that D-GLDPC codes with C-form SPC
codes as SVNs have the best stability and minimum decoding
threshold, followed by D-GLDPC codes with S-form SPC
codes as SVNSs, and the worst one is D-GLDPC codes with
A-form SPC codes as SVNs.

APPENDIX
PROOF P[l(ac) IN A FORM AND z INTERSECT
We set

G(x) = Pi(z)-=
_ mi=1=2) 5
n;
F 2D na (15)
n

For G(x), solving its first-order derivative, we obtain

2 Dim—2) s
n; .Z

G'(z)

+ -1 (16)
From G'(z), we are not able to observe its monotonic property,
so we should continue to solve the second derivative G” ().

Uz
L 2ni = 1) = 2)(15 = 3) s amn

ng

G/I (I)

By observating G (z), we know G”(z) >0 when 0 < z < 1
and n; > 3. So G'(z) is a monotonically increasing function.
Therefore

G'(0) = -1 (18)

G'(1)>0 19

We draw a conclusion that there must exist « € (0, 1), such
that G’(z) = 0. So when z € (0, &), G(z) is a monotonically
decreasing function; when z € (e, 1), G(z) is a monotonically
increasing function. Since

G(0) =0 20)
G(1)>0 (1)

there must be a z € (0,1), which makes G(z) = 0, i.e,
PA(z) = z. This shows that P/*(z) and z intersect, which is
similar to that P, *(z) in A form and z intersect.
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